Abstract. In this paper, we study the one-dimensional transport process in the case of disbalance. In the hydrodynamic limit, this process approximates the diffusion process on a line. By using this property, we propose to apply transport processes instead of diffusion processes in some economical models, particularly in Black-Scholes formula. This application manages to avoid some drawbacks of diffusion processes.
Introduction
Wiener process is the well-known mathematical model used to study the random movement of a particle called the Brownian motion. It is also prominent in the mathematical theory of finance, in particular the Black-Scholes option pricing model. However, in some recent papers, for instance [9] , alternative models of the Brownian motion based on the telegrapher process are considered. This model manages to avoid such drawbacks of the Wiener process as a fractal trajectory of the process and others. Instead of the diffusion process used in the Black-Scholes formula, we propose to use Markovian evolutions in the case of disbalance. Unlike diffusion process trajectories, Markovian evolutions have trajectories which are differentiable almost everywhere. Because of this, we think that the Markovian evolution model is more accurate in both particle physics and economic theory applications.
Transport process as an alternative to a diffusion model
Let {ξ(t), t ≥ 0} be a Markov process on the phase space {0, 1} with the infinitesimal matrix Now, consider the random velocity model or transport process
The infinitesimal operator A of the bivariate process {ζ(t) = (x(t), ξ(t)), t ≥ 0} is as follows:
where ϕ ∈ D(A) the domain of the operator A, and x ∈ R. Assume W = R × {0, 1} and
Then, we can interpret this operator as
Now, let us consider the scaled evolution equation
with corresponding velocities
ε , i ∈ {0, 1}. Given that the Markov process v t ε 2 has scaled time, its infinitesimal operator is 1 ε 2 Q. Hence, we obtain the following system of Kolmogorov backward differential equations
Equations (2.2) can be written in matrix form as follows:
where
Let us define
where e Qt = {p ij (t); i, j ∈ {0, 1} } is the set of time-dependent transition probabilities, and
is the projection operator on the null-space of Q, i.e. ΠQ = QΠ = 0. Furthermore, it can be shown [7] that
So, R 0 is the potential operator of ξ(t).
The balance condition states that
This balance condition can also be expressed as Π V Π = 0 or Π V ∇Π = 0, and it is assumed as such in most of the works for the diffusion approximation [7] , [5] .
In this paper, we will consider the following disbalance condition:
Then, it is easily verified that the infinitesimal operator of the process
is given by
Similarly, as it is shown above, we can write the matrix equation
By using the asymptotic expansion technique, as it is described by A. Vasiljeva and V. Butuzov [2] , we will find a solution of equation (2.4) in the following form
where u (n) (x, t), n = 0, 1, 2, . . . are the regular terms of the expansion, whereas r (n) (x, t/ε 2 ), n = 1, 2, . . . are the singular ones [7] . Then, by substituting equation (2.5) into (2.4), we obtain
It follows from equations (2.6) that
where c 1 (t) ∈ N Q . Similarly, 
9) where we have used the fact that
Therefore, the main term of the expansion (2.5) satisfies the diffusion equation (2.8).
We can obtain similar equations for the rest of the terms [6] , [8] , but we are just interested in the main term u (0) (x, t). Now, let us write the matrix equation (2.4) in the following form
(2.10) It is easy to verify that the function
is the solution of the following equation
Writing equation (2.11) in more detail, we have
Let us define the notation
Since u ε (x, t) → u (0) (x, t) as ε → 0 (so called hydrodynamic limit) [5] , [9] , we have lim Hence, it follows from equation (2.12) that
So, if a 1 = a 2 then f 0 (x, t) satisfies the diffusion equation (2.13) with drift coefficient
and diffusion coefficient
Application to economic model of market
The well-known Black-Scholes formula gives the price X t of a stock at time t such that
where µ is the drift, σ is the volatility of the stock, and {W t } is a Wiener process. By substituting µ =
in equation (2.13), we obtain the diffusion equation for the process {µt + σW t }. So, the Black-Scholes formula is obtained by considering an exponential Brownian motion for the share price X t .
The Wiener process provides a consistent mathematical model for Brownian motion. However, it has the following drawbacks to capture the physics of many applications [9] : (i) Modulus of the velocity is infinite almost always at any instant of time.
(ii) Zero length of free path.
(iii) The path function of a particle is nowhere differentiable almost surely, and its
Hausdorff dimension is equal to 1.5, i.e. the path function is fractal.
However, the actual movement of a physical particle as well as the actual evolution of share prices X t are barely justified as fractal quantities. Taking into account these considerations, we propose to use the process given by equation (2.12) instead of the diffusion process given in (2.13) for most applications. This recommendation is based on the fact that this process does not suffer any of the drawbacks mentioned above. For instance, the process in equation (2.12) has almost always a finite modulus of velocity V ε = v ε , nonzero free paths that depend on Λ ε = λ ε 2 , and its trajectories are almost surely differentiable.
Some difficulties may arise for calculating the coefficients V ε and Λ ε . For such a purpose, we suggest to consider the time between two consequent renewal epochs (or equivalently two consequent impacts of a particle or two consequent changes of price) as an exponentially distributed random variable with parameter Λ ε . Then, Λ ε can be estimated from experimental data, as well as the velocity V ε .
Hence, instead of the Black-Scholes formula we propose the following formula for the price X t of a stock at time t
with the corresponding coefficients Λ ε and V ε . We should mention that it is not clear how to calculate the parameter σ when the Black-Scholes formula is applied to the price of a stock [4] , and, in our opinion, such a problem does not exist in the calculation of Λ ε for the process ξ t ε 2 .
Conclusions
There are many diffusion models in financial mathematics. The French mathematician Bachelier is credited with being the first person to model Brownian motion, which was part of his PhD thesis [1] . The ideas of Bachelier were also the foundations for the development of the famous Black-Scholes formula. Researchers worldwide continue to contribute significantly in this field and new variations and amendments are proposed. For instance, in [3] authors study applications of jump Levy processes for modeling market fluctuations. In this paper, we propose to use random Markov evolutions for modeling market fluctuations, and we motivate this alternative by considering some advantages of these processes in comparison with diffusion processes.
